The rhomboidal mixing section is becoming very popular among processors to provide distributive mixing. Currently, several different designs are used but the details of the flow behavior and mixing efficiency is not well understood. This information is needed to be able to design and find the most efficient rhomboid geometry. In this investigation nine different geometries with various pitches (helix of rhomboids) were analyzed using a 3-dimensional boundary element method (BEM). The geometries were compared according to mixing efficiency, pressure and energy consumption. The results were compared to experiments performed with a conventional single screw extruder that was fitted with three different rhomboidal mixing sections. The investigation led to the conclusion that the most effective distributive mixing sections were those with neutral rhomboids (pineapple mixer). However, the neutral rhomboidal mixing section consumes the most pressure in the extruder. It was also concluded that rhomboidal mixing sections deform the material by shear, making them poor dispersive mixing sections.
Introduction
Mixer design is slowly changing from being a complete experimental process to a partially numerical and experimental one. Numerical simulation has an advantage that analysis and optimization can be performed before the device is built. Consequently, the design of new mixing devices becomes less expensive and at the same time faster.
The rhomboidal mixing section is becoming a standard for improving mixing during extrusion. This mixing device can have numerous configurations depending on the number and pitch of helical cuts. Figure 1 shows the helical cuts and other parameters used in the rhomboid construction. The performance of the rhomboidal mixing section depends completely on the type of configuration to be used. Therefore, a comparison of various designs is desired in order to obtain the most efficient geometry.
Several researchers have performed experiments with rhomboidal mixing sections [1] [2] [3] . These studies used various rhomboidal designs, and for all cases an improvement in mixing was observed when compared to a conventional single screw extruder with no mixing section. Other studies [4] [5] [6] used a numerical approach for analyzing the flow inside a rhomboidal mixer, but without performing any comparison.
The mixing action that takes place in polymer processing can be broken down into two major categories-distributive mixing and dispersive mixing. The first exists when the homogenization of a secondary phase within the matrix is desired, and the latter, when the breaking of the secondary phase into smaller particles is desired. The mixing phenomena highly depends on the material behavior during the process. For distributive mixing, high strains are required in order to increase the interfacial area between the two or more phases and reduce the striation thickness of the secondary phase. For dispersive mixing the presence of high stresses, which is dependent on the rate of strain, is more important.
This research presents, for the first time, a comparative study of different rhomboidal mixing sections. The results shown here help to understand how design changes of the mixing sections influence the various mixing mechanism required for distribution and dispersion during polymer processing. A numerical analysis of nine different rhomboid mixing sections, each having a different pitch, is presented here. Figure 2 shows the geometries used and Table 1 lists the main specifications of each rhomboidal section. For the study, a 3-dimensional, Newtonian flow simulation program using the boundary element method (BEM) was used to solve the flow field of each rhomboidal mixing section. For each case, after the flow field was calculated, the mixer efficiency was assessed. The efficiency was measured and compared by analyzing the mixing performance along with pressure and energy consumption for each of the nine geometries. The numerical results of three rhomboids were compared to experiments performed with a conventional screw fitted with identical rhomboids. Experimental results were obtained with the same extruder, processing conditions and material. The comparison involves the analysis of the characteristic curves, temperature homogenization and mixing capability of each configuration.
Numerical Analysis
Traditionally, simulation of polymer processing equipment is accomplished by using numerical simulation that involves domain discretization with finite differences, finite volumes or finite elements [7] [8] [9] [10] [11] . The use of a discrete domain involves the complex generation of a 3-dimensional mesh. This can be a time consuming step and requires a great deal of computational power. BEM eliminates the need of domain discretization and requires only the use of discrete boundaries, reducing the mesh generation step to the creation of two-dimensional shell elements instead of creating 3-dimensional volume elements. Because processing equipment is generally composed of complex geometries, the shell mesh is faster and easier to generate, which greatly reduces the effort of simulation set-up. Furthermore, when simulating processing equipment with rotating elements, the mesh remains constant and does not need to be updated each time step. Conventional domain techniques require the generation of a new mesh as the boundaries rotate.
The geometries used in this study generally consisted of between 1000 and 1400 quadratic shell elements and between 3000 and 5000 nodes. For the mixing analysis, 200 particles were randomly located at the beginning of the mixing section and tracked until they exited the mixer. The particles were tracked using the Crank-Nicolson method. All calculations were completed on a desktop computer; a SGI Indigo2 R10000 with 384 MB of RAM. The solution of the large matrices obtained with the boundary element simulation was accomplished by an out of core solver [12] , which solves the matrix by dividing it in blocks that fit in the internal RAM of the machine (in core) and saving the rest to a hard drive. The time required to solve for the unknowns was approximately 4 hours. Time for particle tracking highly depends on the time step and was approximately 20 hours.
To model the flow and pressure fields a Newtonian fluid is considered. Further, during mixing of most polymers the Reynolds' number is much smaller than one, and the inertia effects can be neglected. Viscous heating effects are dropped when assuming an isothermal process. These assumptions are valid when qualitatively analyzing the mixer, where the general tendencies of mixing are important rather than the fine details of the flow.
After neglecting the compressibility of the polymer, the continuity equation reduces to
Considering the assumptions mentioned earlier, the momentum balance simplifies to:
These equations cannot be solved analytically for the complicated geometries commonly found in polymer processing equipment. Here, to solve these equations numerically, the boundary element method was used. Several researchers have successfully utilized BEM [13] [14] [15] [16] [17] . With BEM, the dispersive and distributive mixing effect, streamlines, pressures, residence time distributions and torque can be calculated.
The derivation of Eqns. (1) and (2) into boundary integrals is shown in Gramann [17] and is based on work done by Lorenz [18] and Ladyzhenskaya [19] . The resulting boundary integral equation for Newtonian, isothermal, incompressible creeping flow is
where i is a point where the velocity is being solved for and C i depends on the location of point i: C i =1.0 inside the domain, C i =0.0 outside the domain, or, C i =0.5 on the boundary. t α κ and U α κ are the fundamental solutions for tractions and velocities in the α direction at the field point i caused by concentrated forces acting in the κ directions at the source point. Equation (3) contains only boundary integrals and fully satisfies the governing equations. Thus, it can be solved numerically by discretizing the boundary of the problem. Once the unknowns on the boundary are solved for, Eq. (3) can be used to solve for velocity at any point inside the domain.
To measure the efficiency of each rhomboidal mixing section the boundary conditions are nondimensionalized. The pressure difference through the mixing sections is adjusted to maintain the same throughput for all sections.
Distributive Mixing Analysis
Distributive mixing is dependent on the amount of strain imposed on the material. The total strain that the material has undergone at time, ′ t , can generally be described by
where
is the magnitude of the strain rate tensor. Generally, it is desired to impose as large a strain as possible to generate the most effective mixing. However, this does not take into account initial conditions and material reorientations [20] , which enhance distributive mixing.
The shape of the cumulative residence time distribution (CRTD) can also be a useful measure of mixing, but only for mixing in the axial direction [21] . The extreme cases of the CRTD are plug flow and perfect mixing. In plug flow all the material moves together and has the same residence time represented as a vertical line. Perfect mixing exhibits a broad distribution where the material is instantaneously and completely mixed in the system. Perfect mixing exists in a continuous stirred tank with constant discharge. A real system always falls between these ideal cases. To measure the efficiency of the real system with respect to a plug flow or a perfect mixer, Bigg [21] proposed a mixing index, β, that relates the two ideal curves and the actual measured curve. For a perfect mixer β equals 1.0, and 0.0 for plug flow.
Dispersive Mixing Analysis
Dispersion can be assessed by considering the type of flow and the stress, which is proportional to the strain rate that the material undergoes. When elongational flow is present, the maximum forces trying to disperse the secondary phase is over twice as large as those present in shear flow [22] , making elongational flow preferred over shear flow for dispersive mixing. To evaluate the type of flow, several researchers have used the flow number [9, [13] [14] [15] [16] [17] , which is defined as
where γ & and ω are the magnitude of the strain rate and vorticity tensors, respectively. The flow number is a non-dimensional quantity that ranges from 0.0 for pure rotational flow to 1.0 for pure elongational flow with 0.5 denoting shear flow. In practical applications a purely elongational flow (λ =1) is not possible. However, when designing for dispersive mixing the goal is to obtain a flow number near 1.0 and at the same time maintain high stresses.
Characteristic Curves
The characteristic or operation curve shows the behavior of the mixing section by relating flow rates and pressure differences between the inlet and outlet of the section. The pressure difference is an important measure since it defines the size of various components on the extruder. A mixing section consuming higher pressure requires a screw that can build-up more pressure in order to keep the flow rate unchanged. In this paper the flow rates were calculated by integrating the velocity of the material across the outlet side of each mixer.
The torque required to turn the screw at a specified flow rate is important for calculating the efficiency of the mixer. Torque is calculated by integrating the resulting tractions on the boundary elements. Torque is also a factor that defines the size of the motor and screw of the extruder. In general, an efficient and economical extruder is characterized by its low torque and pressure consumption.
Experimental Analysis
The experiments for this study were performed on a highly instrumented Extrudex ED-N-45-25D single screw extruder located at the Plastics Institute (ICIPC) in Medellin, Colombia. The extruder was equipped with a conventional 45 mm three zone screw (8D/11D/4D+2D) with a 2.33:1 compression ratio. The screw has a threaded end such that various mixing sections can be attached. Figure 3 shows a picture of each mixing device, which have the same specifications as the corresponding rhomboids described in the numerical results on Table 1 . The material used for the experiments was a high density polyethylene (HDPE -Altaven 620) with a power law index of n=0.41 and a consistency index of m=16624 Pa ⋅ s n at 210 °C.
The trials were conducted under the same heating band temperature profile (160, 170, 180, 190, 200 °C) with three different die openings and three screw speeds for a total of nine operating points per trial. The performance of each mixer was evaluated by means of the characteristic curve. To measure the screw characteristic curves the extruder is fitted with a pressure transducer located before the die. The mass flowrate is measured by weighing the amount of material exiting the extruder in a 30 seconds interval.
Mixing performance was assessed by subjective comparison of micrographs taken from a crosssection of the extrudate. The extrudate was a mix of a yellow master batch pigment with the respective polymer. The mixing by thermal homogeneity was measured by the melt temperature profile. The profile was measured with a five sensor thermal comb located 2D after the end of the screw.
Depending on the type of rhomboid mixer utilized in the screw, the operating range of the extruder differed. The extruder performance is not only controlled by the mixer, but is dependent on the combination of the screw design from the hopper to the die. The screw characteristic curves shown in Fig. 4 reveal the extruder's (screw + mixer) operation range. For simplicity, these curves were nondimensionalized using the measured rheology of HDPE and the dimensions of the screw as, 
where m f is the mass flowrate, ρ the material density (950 Kg/m 3 ), N the screw rotational speed, D the diameter of the screw, ∆p the pressure drop at the die, n and m are the power-law and consistency index of the material and L is the length of the screw. Figure 5 shows the numerical calculated characteristic curves of the nine rhomboids. The data on the positive side of the chart represents a mixing device that produces pressure and the negative side a device that consumes pressure. From these figures it is seen that the rhomboid 1D4D is the mixing device with more pumping capability, while the pineapple 1.6D (rhomboid -1.6D1.6D) is the highest pressure consumer. This can be explained by looking at Fig. 2 . Here, the rhomboid 1D4D looks more like a single screw extruder, which is a net pressure producing device. The pineapple 1.6D has the most restrictions or rhomboids through which the material has to flow around causing a bigger pressure loss. As the mixing sections have more obstructions to the flow, i.e. more rhomboids per area, the pressure losses increase. Figure 5 shows that the flowrate is zero for the two pineapple mixers (rhomboid -2D2D and rhomboid -1.6D1.6D) when the pressure difference is zero. This neutral effect is caused by the two counter helixes present in the pineapple mixers. One helix pumps material forward while the other pumps backwards.
Results and Discussion

Characteristic Curves
Analyzing the experimental characteristic curves in Fig. 4 , for the operation range tested, the pineapple 1.6D gave the lowest output characteristics compared to the other mixers. Each point on Fig.  4 represents the mean of the non-dimensional operating points for three screw speeds. The error bars shown are for a 90% confidence interval and 6 experimental measurements (2 samples per screw speed). Due to the viscous heating created with more restrictive dies the material temperature increases. Since the non-dimensionalization is isothermal, it does not take into account the temperature changes leading to a larger error at high pressures. This finding is in agreement with the numerical results where the pineapple 1.6D was found to be a higher pressure consumer.
Residence Time Distribution
The residence time distribution can be calculated numerically by tracking particles and measuring the time that each particle spends in the extruder or mixing device. The cumulative residence time distributions (CRTD) is computed by integrating the residence time distribution. The CRTD for the rhomboidal mixing sections are shown in Fig. 6 . Here, only five curves (rhomboids 1D3D, 2D4D, -1D6D and pineapples 2D and 1.6D) are displayed. The other four (rhomboids 1D2D, 1D3D, 1D4D and 1D6D), which are not shown for clarity, have CRTD curves very similar to those of the rhomboids 1D3D and 2D4D.
The last column of Table 2 shows the calculated parameter β for the rhomboids. It is shown that the two pineapple mixers show the highest similarity to a perfect mixer with a value of approximately 0.5. The rhomboid with the negative pitch (-1D6D) comes second with β=0.33. The three rhomboids with one negative pitch are more restrictive for the material resulting in a broader RTD. However, for materials sensitive to degradation these mixers are not recommended due to the higher residence time of the material. Rhomboid 1D3D presents the worst axial mixing according to RTD with β=0.15. The rest of the rhomboids have very similar RTD with β approximately 0.25. This result shows that the pineapple mixers have the best mixing capability in the main flow direction. In this section, as the material splits around the rhomboid, it can be transported back axially. Whereas when splitting occurs in the other rhomboids all material pumps forward giving a lower residence time.
For all the rhomboids there is a good correlation between the mean residence time, total strain and the β parameter. As the material stays longer in the mixer more strain is imposed and the RTD tends to be broader (higher β). Table 2 shows the numerical results of the rhomboidal mixing sections mean residence time (t ), mean total strain, mean flow number and mean strain rate. These quantities are obtained from the history of the 200 particles tracked through the sections. It is known that the initial position of the particles has an effect on the results. The variance on the final results is decreased as the number of tracking particles increases. However, the computation time increases as more particles are tracked. In this research, 200 particles were found to give a good balance between results variance and computation time.
Mixing Analysis
From the nine geometries analyzed here, the pineapple 2D generates the highest distributive mixing capability. In general, the two pineapple mixers (1.6D and 2D) have the highest mean strains and the highest axial mixing, as shown with the cumulative residence time distribution. However, it is important to note that both pineapple mixers show the highest pressure and torque consumption.
The final distributive mixing capability in the experiments can be appreciated by qualitatively analyzing the micrographs in Fig. 7 . For this analysis, a mix of a yellow master batch pigment and HDPE was used. The pineapple 1.6D mixer in Fig. 7(c) exhibits the thinnest striations and the rhomboid 1D3D (a) was found to develop the thickest. Because large strains are required to obtain small striations, the striation thickness in the micrographs can be compared to the strain calculated in the numerical analysis as shown in Table 2 ; here excellent agreement is found. The lighter circular region in the micrographs in Fig. 7 is an air bubble that appears after cooling the extrudate.
Although the design of the rhomboidal mixing section is intended for distributive mixing, it is interesting to evaluate the rhomboids dispersion capabilities. In general, the flow number indicates that the nine geometries generate mainly shear flow. For good dispersion to occur a high flow number coupled with high stresses are desired. Therefore, none of the rhomboid mixers analyzed can be considered a good dispersive mixer. Figure 8 shows the average melt temperature profile measured by the thermal comb at 90 rpm for the three different die restrictions in the experiments. The temperature at the center is higher for all the mixers due to the heat generated by viscous dissipation, which is quantified in Table 3 by the mean bulk temperature (T b ). Due to the higher restriction imposed by the pineapple mixer, the material is subjected to a higher degree of viscous dissipation resulting in the highest T b .
Temperature Distribution
The melt temperature homogeneity can be quantified by looking at the maximum temperature difference and the standard deviation of the temperature measurements in Table 3 . The rhomboid 1D3D is the mixer that results in the most homogeneous temperature profile and lowest viscous dissipation.
It is not necessary for the best distributive mixer to have the best temperature homogeneity. This effect is evident with the pineapple mixer. This mixer imposes the highest material deformation, but has the worst temperature homogeneity. Since the pineapple relies on higher residence times to impose more strain the material is also exposed to viscous dissipation for longer time.
The intention is not to compare the temperature results to simulations since the numerical results are computed assuming isothermal materials. The idea is to show that it is very difficult to find a mixer that can be the best distributive mixer and also the best temperature homogenizer. Generally, one has to find a compromise between the two variables or a combination of two mixers.
Conclusions
The tools used for this research demonstrated the usefulness of the BEM simulation for analyzing the rhomboidal mixing section. In this numerical study the rhomboid 2D-2D was predicted to have the highest distributive mixing capability, but at the same time it has the highest pressure consumption and torque demand. This result is in agreement with the experimental work performed.
For the operation range tested the rhomboid 1D4D was found to have the highest output. The nine geometries have a similar average flow number of approximately 0.5. In general, these mixers observe a shearing-type flow which is easiest to generate and is typical for most mixing sections.
It is very hard to decide on a mixer design that satisfies all the needs of the processor. The selection of the best mixer will depend on the desired mixing mechanism, and by balancing the mixing capability with the pressure consumption and torque requirements. The results suggest that the use of two mixers placed in series seems feasible. This solution is convenient when there is more than one quality to improve. To satisfy the mixing demands in industry, it is common to find two or more types of mixing devices in series in single screw extruders. It is easier to recommend an overall mixer combination in which the advantages and disadvantages of each mixing section compensate one another.
In this study a comparison was successfully done on the rhomboidal mixing section by numerically analyzing nine mixing geometries. Great insight was given on the flow phenomena that occur in these mixing systems. The numerical results compared very well with the three mixing sections analyzed experimentally.
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